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Continuous Random Variables



Discrete vs. Continuous R.Vs

Discrete Random Variable

Continuous Random Variable

Sample space (2) maps to finite Sample space (2) maps to an

or countably infinite set in & uncountable set in R.
Be 41,285 41, 2.3,4,.... Ex: (0, 00), (10,20)

e We have already learned about discrete R.Vs (Lectures 5-10)

e All properties of discrete R.Vs have direct counterparts for

continuous R.Vs

e Summations (X) used for discrete R.V's are replaced by

integrals ([) for continuous R.V's.
™iscwere % Conhnuouy & X

EX = é_x PX(Z)

EX = S:x £(=) dx

Let X be a continuous random variable. The cumulative
distribution function (cdf) of X is

Pty =P[X < 1)

2 /', 13

CDF of Continuous Random Variables

Definition

e All cdf properties discussed earlier still hold

1,
2
3
4.

0< Fx(t)<1
Fx is non-decreasing (if a < b, then Fx(a) < Fx(b).
lim:—y—oo Fx(t) =0 and limy_ o Fx(t) =1

—

Fx is right-continuous with respect to t <

e The cdf for continuous R.V is also continuous (not a step

function like in discrete case)
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PDF +— CDF

PDF
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Definition
For a continuous variable X with cdf Fx, the probability density
function (pdf) of X is defined as:

) = Fx() = S Fx(x)

Properties of pdf:

1. f(x) >0 for all x,
2. oo = =1.

-?'(%)P v
Additionally, for continuous R.V X, v
o Fx(t)=P(X<t)= f_too f(x)dx for any t € R : : =
)

< Pla< X< b):fabf(x)dx for any a, b € R
e P(X=a)=Pa< X <a)= [7f(x)dx=0forany ae R
(e prohabilify ) x vewg any S\V“o‘€>4/1g
value  1s 0.
5> P(xct) = P(X<t)

>x<

Examples




Continuous R.V Example

Example 1: Let Y be the time (in yrs) until the first major failure
of a Q'(;w disk drive. Suppose the probability density function (pdf) PO
of £ 1s given by $(9)

f(y)={0 e |

e’ y>0
1244

N
1. Check whether f(y) is a valid density function.

o
we

We need to check the 2 properties of pdfs. .
(1) f(y) is non-negative function on %

(2) [ f(y)dy=1 v ©
..41] o

© P, (e Yy = -e
/oof(y)dy—%:‘?ﬁ + ée Y

o

1)

5/13

Continuous R.V Example Cont.

2. What is the probability that the 15t major disk drive failure
PDF occurs within the first year?

$;44) P(Y<1)= | 4(y)dy
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Continuous R.V Example Cont.

3. What is the probability that the 1t major disk drive failure
occurs before the first year?

£(7) oy 1 i Tov  Continuous dl‘i,a)
) (Y<1)= —L«P(wj)d«j ?(\IEO\):P<:IO

B} ﬁle-’ﬂd/y wle PCFR)Z
o g - )

| 'j _ —ﬂ A.jlo
e
= 0.63
(Twis \s%oviav;\;v'assndz@/él) o

Continuous R.V. Example Cont.

PDFE 4. What is the probability that the 15t major disk drive failure

occurs after the first year? o
+() P(Y>1) = J-F('lj)d’ﬂ
|
o
= [Teay
Ly fw We cun also 9t
= -€ ! A b\'l
= o—~---€':l ?[\’70 )
- = | e ¢l
= g5 - 1- Py
-1 —063
= 0.3F =0-37%



Continuous R.V. Example Cont

Shie 5. What is the probability that the 15¢ major disk drive failure
D

occurs after first year but before second year?
1)) 2
PCi¢y <2) = Sﬂt(a,)cl/q
I
2 -
= | e dy
) Yy YR
= -t
I
Pl1<Y<?) id =]
Pt (e - (e
5§23 " 1
= - + &
= il

Continuous R.V. Example Cont

6. What is the cumulative distribution function (cdf) of Y?

M For t<o

£

&
F\/ (£) = P(Y&t) = J -c("j)d"j J OO\»H : | ' e

@ Fo\r t>0

Fy(e):P(‘/ét)— (4 by M j dy }N—L
""ﬂ

CLF

Fy () 23\

-t o
o } e = =i

0O bk &t £«O0

_.e_"b t >o
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Continuous R.V Example Cont.

For Example 1, the pdf and cdf of Y are shown below.

N Y

Probability Density Function (pdf) of Y

0.5

F(y)

0.5

...........

—
...........

......
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Continuous R.V. Example Cont.

Eas\(’-v (/SHORT CUT: Use the cdf to calculate desired probabilities instead
Bl & \Ne\j{ of integrating the pdf for each problem.
l_\ na
oon %CC)MR e Only need to integrate the pdf once to obtain the cdf
\
P X e Write any probability in terms of the cdf and plug in to solve
‘E\le% \A\q‘k‘@" . (yet)y=§ - e—b for >0
we (o, Backto Bample:  CPF 1 Fy () = POY=E)S % o bor 640
w\ =]
Vm‘()\mﬁw e P(Y<1)= Fy (') = I-€ =065
et ok = Py 4L) i
o 4 = |- Fy() = |~ 0:63=03%
o\/\(“Q-F 3 e P(Y>1)= |=P(Y&l) = ¥
A
W
/\’N‘\")\,@s e Pl<Y<2)= P(Y<2)= P(YEI)
y

= Fy) - Fy

-1
= (1-e*) - C1-¢e)
- _e~z+e-\
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Additional Example

Example 2: Let X be a random variable with the following

probability density function (pmf): tun also be
0 forx<O0 Wy g
(x) = 3 for0o<x<1i Py = V2 oLV

2x for%<x<1 e Nplx<l
0 forx>1 o SN

we \avt

i Sec\‘OV\S
o) =0
L

Additional Example Cont.

Find QMR \J€>
1. Give the cumulative dlstr|but|on function (cdf) of X ( onder ppF W

Fx () = P(ret) = (Sgeerdx

- ov
Cons‘\c)\ev 4 sechons SQPQNL\-GM .g_(x‘)/
@© . teQ ¢ I
Fx(t)= S'Y'(x)dx = SoaX}: Oi S -7—74__
-00 -Q0 Lt a2 x
@ ”; O_‘ '& = V‘L L-:ﬁ- /
t
Fxle) = 5 £ (=)dx 14 e
e e e

/g/yax+j'/2c\x t%
- l |
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Additional Example Cont.
e\ 5 -

h w @ Fx®= [ s=rdx

-00 t
o o Yo
:J/Q/A/z-\' J‘/zc)-x szxax
-0 o & ‘2

Va
ey (o) = % A

4
@ t z\ t 1 - /
Fx(t)= —S‘)-Y—(ﬂ:) > t 0 4
_Mx—+fyzo\x+jzxdx+ g, P L. 1 b' '
Zed o) ‘ l/z &
S el < (29 (7 o) T
So e cdt 6 X s .. . DF

Fx t)=/0 &
-(:/7_ 1+

g W

! ' £




Additional Example Cont.

i i : \ug Into cd
_ 2; What is the probability that X is less that 0.757 é(:Htj
| PCxcoas) = Fx(03s) = (033)* = 0 Sé'zs ]
pevwise , | hawt 4o lV\~\-€q;o;+e pdf
0
] P 0 0 /2 035
J A/ :}ad/t + r|/2dx+5gx d=x
|+ Q : ~/69 o - '/2
\ .
__i’_T = zl/z % le‘
0 ';z | z 2 Vo /2
as _ 2 5
] - " + [01’5 ( /2) U]

Summary of Discrete & Continuous R.V.

Discrete R.V.

Im(X) finite or countable

infinite

CDF: Fx(t) = P(X

PMF: px(x) =
E(h(X)) = 2. h(x)px

= > xpx(x)
= E(X2) —

E(X)
Var(X)

<t)

= 2x<e Px(X)

P{X = x)

(x)

[E(X)]?

Continuous R.V.

e Im(X) uncountable

CDF: Fxlt) =

= JL . F(x)dx
PDF: fx(x) =
E(h(X)) = [, h(x)f(x)dx
E(X)= [T x
Var(X) = E(X?) - [E(X)]?

P(X <t)

< Fx(x)

f(x)dx
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