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Gamma Distribution

Setup: The gamma distribution is commonly used to model the
total time for a procedure composed of o independent occurrences,
where the time between each occurrence follows Exp()\)

[Exp T Exv [ Exp | exel &]
- - A

(rammea
If a random variable follows a Gamma distribution,

X ~ Gamma(M A U\\Q\/\Q

where X\ > 0 is there rate parameter, and « > 0 is the shape parameter

B Qawmbda,

e Probability Density Function (pdf)
e Im(X) = (0,00)

\MGV\* WS £ r’?:)xo‘_le‘)‘x for x > 0
XS = 0 otherwise
b\\\w@(\\ﬁ where ['(a) = [;° x* te™*dx is called the “gamma function”.
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Figure 1: PDFs for gamma distribution with fixed A and a = 0.5,1,1.5



Gamma Distribution Summary

e Cumulative distribution function (cdf)

\ %‘Q t o t
N _/ _ A / g =N
o A\\Mck\%,_m; Fel E) = A Fx)dx = @ Jo Xt eTdx

e Expected Value: E(X)

e Variance: Var(X)

(21
A
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Gamma Distribution Example

Example 1: Compilation of a computer program consists of 3
blocks that are processed sequentially, one after the other. Each
block is independent of the other blocks, and takes Exponential
time with mean of 5 minutes. We are mterested in the total

compilation time. Y 1=

| Exp (%) Expl%) E%P@l

e Total compilation time modeled using Gamma distribution.

Define the R.V: T = total compilation time
Distribution of T: T ~ Gamma(a,\) = Gamma(?,?) = @QW‘MQ(%/ '\é\)

e What value should we use for a: and A?
e « is the number of independent occurrences (blocks) in the
full procedure: a = 3
e Time for each occurrence (call this “T;") is exponential with
mean 5 min. E(T))=+=5— )= Ys
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Gamma Distribution Example

eV

> T = total compilation time
1 & )N= \/S'
T ~ Gamma(3, g)
«=37
1. What is the expected value of total compilation time?

27 .
E(T): (X//-\ = /(_\/S’) = 1S min
2. What is the variance of total compilation time?
X : = i
Nox (1) = 752 = Vs> = 35 mim

3. What is the probability for the entire program to be compiled

in less than 12 mi‘nzutes. 2 )\x g _)\xd
P(T(YZ):S £{=ddx ':4{\:'_(?)1 € =
-60 o 3 D
12 0 ‘3 j =
\5‘ 3 /;) e O‘Z
g WE . ted \né4ichov
- ey

M =  Eni8s



Poisson Approximation to Gamma
Distribution

Gamma Distribution Example

e Could answer the previous question by using the Gamma CDF
directly (requires repeated integration by parts)

e Instead, simplify Gamma probabilities by turning it into a
Poisson problem!

e Turn a Gamma random variable into Poisson random variable
using the Gamma-Poisson formula.

Con YWD O\
Gamma-Poisson Formula ramma g.v -
For T ~ Gamma(a, A) and X ~ Pois(At), W o Pors. ¥

B W s
@ P(T>t)=P(X<a) %o\\ssm cor [Tavle/

and poi 5501 P
@ P(T<t)=P(X>a) 4o (dewet§
‘ * ?YO‘D““‘%'A




Gamma Distribution Example

Yo Exwmp\@ 4 3 3)
\6&(%3 What is the probability for the entire program to be compiled

in less than 12 minutes. =2

e Step 1: Define our Gamma randgom variable: y
T ~ Gamma(a, \) = Gamma(3, 5)€‘ el

We want to know P(T < t) = P(T < 12(\

e Step 2: Convert the Gamma R.V (T) into a Poisson R.V (X):

X ~ Pois(At) = Pois(} - 12) = Pois(2.£r1L)/ paxaweter S\\l‘gov\ eV

e Step 3: Use Gamma-Poisson formula: P(T < t) = P(X > a)

£ =\2

((ﬂuwxvv\%\
P(T <12)=P(T <12) sint@ T s conhinusus EV

= P(X > 3 3 (rumme /PoiSson Formula

e WS\ O@\SSOV\
=1 - 0.5697 > %cm: Ta\¢
— 0.4303
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Gamma Distribution Example

t=5
4. What is the probability that it takes at Ieaztf/minutes to

compile the entire program? P ( T =(5)) = 2
STEP 4 : Dehne =uvr Gamwd k.V
T ~ Oramme %Qj ‘/5’) want : P(T =25)

oL
STEP 27 COVl\/%’.vt e Guamma. RN CT) inkp Porsson .\ (X)

~ Pois (2t ) = Pois (-5 )= Poin (1)

STEP 3 - Use Oamma- Poisson Formuly : P(T >t ) = P(AeX)

P(Tzs)y= P(T>5) ance T s cowhnusss @V
= P(¥X<KX > ‘ 2.\
— 1 e 1S U\\SCV\U(‘Q -
PO 2l

Fx (2) 4) using ng\d‘lx 4 Ww\@

0.9196 ?mssw\ CD*:: *9”}09)*?“(:‘)

(ov PLAED T 0105 (x=2)
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