Lecture 15

Normal Distribution

Manju M. Johny

STAT 330 - lowa State University

Normal Distribution

1/14



Normal Distribution
pOF

) Setup: The normal distribution is commonly used to model a wide

variety of variables (weight, height, temperature. voltage, etc) due
to its “bell-shaped” and symmetric shape.

: eI )
2 If a random variable X follows a normal distribution, V Wvmu!
/_~—

X ~ N(/J’:O'Q___/ 0"2 \‘S\O‘)m“Y d 1)
4
where 4 is the mean, and ¢ > 0 is the variance S
e Probability Density Function (pdf)
' p2
onx W 1w’
W.S f(x):\/_ze 207 for —o0o < x <
’(‘M&\Md(\\ﬁ 2wo
e Expected Value: E(X) =
e Variance: Var(X) = o2
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Figure 1: PDFs for normal distribution with various 1 and ¢

1 determines the location of the peak in the x—axis,

o2 determines the “width" of the bell shape.
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Normal CDF

e Cumulative Distribution Function (cdf)

Fx(t) = /t f(x)dx (no closed form)

— 00

— The normal cdf does not have a closed form expression.
— Use cdf table (z—table) of standard normal distribution (%"\"*\O\Q)
N(u = 0,02 = 1) to obtain probabilities.

— We need to standardize any normal random variable, X, into

standard normal random variable, Z.

Standardization of Normal Distribution
Let X ~ N(u,0?). Then,
6"(&“\6‘}5?\0“ 1. Z'= X—;E is a standard normal random variable
eV 5 2. Z ~ N(0,1) (normal distribution with =0, 02 = 1)
ks =5 i 4/14
\LM =20
Example 1: Suppose X ~ N(20,100). What is the probability that
X is less than 23.57 T 5t=\00

To find this probability, we usually ...

e Integrate the PDF (too difficult)
e Plug into CDF (impossible - no closed form for CDF of X)

Instead we standardize X, and obtain probabilities using the
standard normal cdf table (z—table)

e The standardized RV is Z = 2= = X220 N(0,1)

/100 0.3S
e The standardized observation is z = X;“ = 23'51\/%30 =023
e P(X < 10) = P(Z < 0.35) (obtain this from z—table)
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Standard Normal Distribution

Standard Normal Distribution

Suppose a random variable, X, follows a N(u,o?) distribution.
Then, Z @fellows a standard normal distribution

4
s Z ~ N(0,1)
a
e Probability Density Function (pdf)
f e
o e or —oo<z< o
(&)= s

e Expected Value:

E(Z):E(X—u>: EX)—p _p—n_,

o

e Variance:

Var(Z) = Var(X - “) = Var(i) = iVar(X) = 0—2 =1
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Standard Normal CDF

e Cumulative Distribution Function (cdf)
t
a_} (¥)y= Fz(t)= / f(z)dz = &(t) (no closed form)

SN L YW — Just like the normal cdf, the standard normal cdf does not ?(%e t)

S W\OVWL& have a closed form expression. e e Lb)
CoE 7%’ — The cdf of N(0,1) random variable is denoted by@(or E @ (t)
QOV"\W\\OV\ ] o0 more commonly ®(z)) i
\\ S ‘)‘6\ — The values of the cdf, ®(z), are found in the standard normal

gu\w\\ao table (z-table)
(2) i
/\%wa o /14
£ tt)

Z-table (Standard Normal Table)




Z-table

%|

A gevvakion
* Z-Table gives prm/ortion of normal curve less than a
particular(z score
* Gives left-hand area (dark blue shaded region)
* This is same as the percentile value for z
* Can be referred to as areas, proportions, or percentiles.

* Denoted P(z<z) o¢ P (2 2 2)
or @(%)

Proportion of area less than z=0.35
Denoted as “P(Z<0.35)"”

How to read the Z-table

* z values range from —3.99 to 3.99 on the z-table
* Row - ones and tenths place for z

e Column — hundredths place for z

* P(Z < z) found inside z-table

Second decimal place in z
z agoo . 001 0.0z 003 004 005  0.06

0.0 | 05000 0.5040 05080 05120 O 0.5239
0.1 | 05398 0.5636
0.2 | 0.5793 0.6026
0.3 | 0.6179 0.6406
0.4 | 0.6554 0.6772

ov \?(%’:%)
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How to read the Z-table

P(‘Z< O,SS’) 0“0,5@%

P(Z<0.35) =7

* Look up z = 0.35 in the margins on z-table
* Percentile/left-hand area is corresponding
value inside z-table

Second decimal placein z
z 000 001 002 003 004 D05 0.06

0.0 | 05000 05040 05080 0.5120 05160 05199 0.5239
0.1 | 05398 05438 05478 05517 0.5557 05596 0.5636
0.2 | D5793 05832 05871 05910 05948 (05987 0.6026
03 | 0.6179 0.6217 0.6255 0.6293 0.6331 0.6406
0.4 | 0.6554 06501 0.6628 0.6664 0.670)” 06736 0.6772

P(Z<0.35)

ez =’
,_./0,(0’563 10/ 14

2S)

Examples




Z-table Practice

Suppose Z ~ N(0,1)

2]

1: P(Z<1) :'\)CZ—C \,OO) = @(I,OO) = G@Hg)

Bz oAy = ) = P2 2-2.81)
= [ = @ (f’Z.%I)
2 Yo 6 O
= 0.969b
giqnt-hond — | - o
23l 220 2 e

ovLa
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Z-table Practice

Suppose Z ~ N(0,1)

oo
$2)8 Pl0<Z<1) = P( Bel) —P(220) \(od‘e
= Bu) - @w) @“* M
L gl -
= 03113

40P(|Z| >2) %

P(2<-2) tP(2>2)
2P(2<-2)

MR
‘ ?\V\()\
= & @(‘2) & — \NAV\%
' = 084Sk W‘“\M%
il ._/'L = cz‘ "

by
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Normal Distribution Example

=l a2
v ¢
Suppose X ~ N(1,2), and we want to find P(1 < X < 2).
‘Fiest,  stawnd ardize X into <td normdl RN 2
: K= H Hew=') o N ( & ] )
= — - i
2 < AH - XL
. Standardize  our  obsevuations

o ol
B L‘(;‘_ﬂ_ = A\-r -0 cownd b,cwx A
- . Vit ¥ 05
P<O4z 2 G} P(%<O"7')“PC2«<—O>
HZ) - Bcod) — @(o)
= 0.l = 05
e 0-261]| By
6 0H &

Normal Distribution Example

o do 1t all W oowe  Sweep

F(‘4X<2)

i e
=p (¢ 2 &)
\7(042 <-O~7“i)

p( 2 <o-F1) - P(F <o)
T ) - 42

= 0. F6ll - 0.5
socd 0.261)

]

1

)
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Example = Start w/ prbabilihy avd work badewards 4o qet
abseyvation .

Suppose weignt & opples fUoWS a pormal distbuhon W/
mean o 60 and  varlavce ¢, TS5 4.

d
F0% 6}, apples weigh more Han what welght 2
X = apple welght
X ~ N (60,25 )

- 30’0 of apples weigh move yaain g)O"lo 200

S welght , Fen  30% WK less

Mun e W{%VHT. 2=1 ' .z
i s

The 2z=table gives

coF  valves (leH-hand aneas ), Leole up
020 (or closest valwe) mside  2—dakle , and obtan

povesponditg 2 -valwe  in marging.

Closest ared t )30 Insize z-tuhle Is 03015, whith ha
Lovresponding  z-valug §, 2= -0.52,

=2 P(2Z << -052) =0.3015

(W N
2
We need fo ‘reveise srandardize” 1 g0 fom 2 bece o
X prLe welqh‘%). 124k
Z= =M & T e iz
h g
S o W0 4 o ‘- \\VQV@(S‘QQD(MW\OL.
> = (0 + (;«052)(5):{‘54-‘*9[

o | £5s
= 30% o, apples welgh @gmE Auan 574 g

= Folo 8, dpples Wiqh MY fan 534,



