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Central Limit Theorem

Manju M. Johny

STAT 330 - lowa State University

Central Limit Theorem (CLT)
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Suppose Xi, Xa, ..., X, are iid random variables. For i =1,...,n

X; " distribution
Any function of {X;} is also a random variable. Specifically,
o S;=>7",XiisaR.\V (with some distribution)
o X, = =% is a RV (with some distribution)

For large sample size n, the distribution of S, and X both follow
normal distributions!

Even without knowing the distribution of {X;}, we can calculate
probabilities for its sample mean and sample sum using the normal
distribution. (extremely useful for real life problems)!
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Central Limit Theorem (CLT)

approximately normal distributions for large sample sizes

Central Limit Theorem (CLT) R
Suppose X1, Xo, ..., X, are iid random variables with E(X;) = p Mut 4§
and Var(X;) = c?fori=1,...,n. N WLUN 4
Define: \atance

1. sample mean: X, = —%

2. sample sum: S, =>"" | X; ,
Then, for large n, i Uay g 2|

n "n mw\ GY\‘O)\\/‘J/L )dov\
Sn ~ N(op, n0?) oo

How to Use CLT for Means
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e For large n,
2
Xn > N(M) O—>
n
e How to calculate probabilities involving X, ?

Standardize X, to turn it into a standard normal random

variable Z, and use the z—table! (lecture notes }4) 15

Standardize any normal random variable by subtracting

its mean, and dividing by its standard deviation.

— Xn — M
4= o
Z ~ N(0,1)
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How to Use CLT for Means Cont.

Bedure  Stndardizing

il

e Ex: P(a< X, < b)=7?

e Standardize all of the quantities involved in the above

probability. Then use Z-table to obtain probabilities. &Mb X
_ ASter :
— a— Xn— b—p gw\/\daré\l’ﬂn
P(a =< X; < B)=P <
e<X<n=p(Z < Tk < k) .
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How to Use CLT for Sums

e For large n,
Sn ~ N(np, no®)

e Standardize S, by subtracting its mean, and dividing by its
standard deviation.

ZZSn—nM_Sn—nu

no2  oy/n
Z ~ N(0,1)
e Then, use the Z—table to obtain desired probabilities.
e Ex: Sp—nu a—nu
P(S, <a)=P| = <
(S <= p( 22 < )
a— ny
= Rl 7 <
(2<57)
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Examples

Example 1: The time you spend waiting for the bus each day has a
uniform distribution between 2 minutes and 5 minutes. Suppose
you wait for the bus every day for a month (30 days).

1. Let X; = time spent waiting for the bus on the i day for
f=1,...,90. $(xi)
What is the distribution of each X;? =2 '

fovr (=)V, -+ 30 A /b:S é
v g (2,s) m

z e Ll
What is it's expected value and variance?
IRAGY atb _ 215 e o 1)
Tov e/aL\’\ E(Xe) = = 2 5> = 2 25 = M
o ) : |
Jay) Var (Xi) = (b-a)® _ (5-2°_ 9 _y35 = g
(ouc\ ) = -



2. Let X, be the average timcaeospent waiting for the bus over the
Y Z?: Xi = fo Xi
month. X, = === = &=
What is the (approximate) probability that the average time

you spent waiting for the bus is less than 4 min? P ( B & & ) =7
" — 3 R
Now, we're interested W twe RV Xa = oL -

Smee NS large

o Z
T Lo ~ N(W, 7 )
= _ S
Ly S (o5 7 - N(g,g) i /3O>
Q(A(OW\ a\\cj\‘ (S)O CLT ’POVS £(3w) ?Ciéb\wvé?
A . M2 G ‘ XYWS
- A/t
a5 % need \
s @ 0\l
=M " AN \kﬂ},ﬁﬂk
Stewdardize X wto BN 2
= = ?n_"M - Ria = DS o \XV‘_: %_..5 ~ N(0)
_U_/\"Y—T— m 0.-1S5€!
Xn =M £ Lf‘M)
F 5/ Ve o/ Vi
4-13.S
P ( Z < 0.\SolI >
P (2 < 2.6 ) use z-tuble
S
P (316) -look 4P TE St

/ W maqs Sp
0.9992 & cobYan P(2<¢2\e)

Brom ne\de 2-talale.
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3. How much time do you expect to spend waiting for the bus in

total for a month? (No0w we¢ want Bzoxz as ocuv .V
— \

EC%OXL'> = 30 E(X()= 30°'M = 2(5-3.5 = (05

4. What is the (approximate) probability that you spend more
than 2 hours waiting for a bus in total for a month?

—_—

|20 mun 30
bue hew RV s S = 2 Xi
L=

no <
= N (20-35, 30-0Fs)
= N( 105, 22.5 ) 10/16

wWant  P(C Sn 7 l‘zo) = R Cand  get XWLS dmed/uj

need o stundardize
d U ztuble

S‘\lmo{a\(&\i
2 = S SN Sn - Sn — 10§
yavZ

Spn— NM > 120 — M
P(Sn 2120 ) = P (om o R

(#) =P(Z S \20—(05‘)

OZ'Z-S
0008 oz Y 3b)
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sing\e X EQ)=1=M
Example 2: Suppose an image has an expected size 1 megabyte Var (yi)= 05_&30’2

with a standard deviation of 0.5 megabytes. A disk has 330
megabytes of free space. Is this disk likely to be sufficient for 300
independent images?

We've dewested Th ¥ue S12@ 6)y e sum &) 300 Images
300
Sn = Z X
(=1
Sve W=zo0 15 large Uk CLT o Sums
sn v N(nwn, no?)
= N(200-1, 300-05%)

=N ( 300, FS)
We want to Ehow 1F 230 MB 15 enough SPule
e) P(Sw £230) =°%¢

= - Sn — N 2330 — "M
P s £3%0) = P25 2 SN
2%0 — 300
( = 2
i P( 2 )
=p( 2 £ 3.46)
- @(3.%)
= quc’q_
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Example 3: An astronomer wants to measure the distance Ofrom nsranle
the observatory to a star. The astronomer plans to take @w samwlf
X{ = S\VIC]\\” measurements of the distance and use the sample mean to BIEe
LSz mentestimate the true distance. From past records of these
Foy L=l -- W measurements the astronomer knows the standard deviation of a

z .
\(M(Xi) =7 single measurement |@parsecs. How many measurements should

Y o the astronomer take so that the chance that his estimate differs by
d by more than 0.5 parsecs is at most 0.057
For (=1, -- /N E(W)=HM =d
Yy = g‘\mj\e measuwment, Var (Xi) = 5% = 22=’-l
n
- e S A
Our waw gV 1s Xn = (2-:\ ) N

p( ;xn-dlvos) £ 0.0S

e ot 14/ 16

M Went e minimum # o measuuement (1)
fov WS Yo e kyue

We buow et P [Ru—d 1> 05) =P YXa-d > ¢:5)
4 P(K-d < 05)
Uslnq  CLT  for means e distibuhion Oy X is
Rn ~ N(p, o) =N(d, Yn)

P(Xn-d > 05)+ P(Xan 0\4"0_01)

(It 82 1P (¢ )
~P(2 > V) tP( 2 G;‘Fm
P2 > W)+ P2 T
=2 B(~"y)

need  Awe Smallest tmdeger 1 S Pl 1516
p(IXn-d1705) =2 B(~™u) £ (.05

We
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