Lecture 23

Method of Moments & Maximum Likelihood Estimation

Manju M. Johny

STAT 330 - lowa State University
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Estimating Parameters

2 General Methods for estimating parameters:

1. Method of moments estimation (MoM)
2. Maximum likelihood estimation (MLE)
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Method of Moments (MoM)

Method of Moments (MoM)

\so called
@ ?OP\A\uho n

Definition: o ment

o The k'™ moment of a RV X is defined as j = E(X*)
e The k' sample moment is defined as mj = IS LXK

The method of moments (MoM) estimators for parameters are
found by equating (known) sample moments to (unknown)
population moments, and then solving for the parameters in terms |
of the data.

e If our model has more than one unknown parameter, we need

to make equations with more than one moment.

e In general, need k equations to derive MoM estimators for k
parameters.
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MOM Cont.

AA—RA

To obtain Mo estimators for k parameters: Set the sample

moments (my) equal to population moments (i), and solve.

° m1:,u1—>%2x,-:E(X)
o mpy =y — 13 x2 = E(X?)

® My = ) — %ink = E(Xk)
‘ Note:

e MoM estimators may be biased

e Sometimes you can get estimates outside of parameter space

4/20

MoM Examples



MoM Example

ndepeudent &
J tdeatica

Example 1: Let Xi,..., X, o Geo(p)

Estimate one parameter p — need the first moment.

e 1% (population) moment: py = E(X) = %.

st : = n s e ¥
e 1% sample momentis my = - > " ; X;i = X

Set 1" moment equal 15t sample moment, and solve for p.

1 - .
_:X%pMoM:
p

xi| =

) J

MoM pshimatdy
Y P
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MoM Examples Cont.

R o

iid

Example 2: Let Xi,..., X, ~ N(u,o?)

Estimate two parameters — need first two moments

Set the first two moments equal to the first two sample moments.
1 n
L 5 > imy Xi = E(X)

2. %27:1)(,'2 - E(Xz) )
Sample Voments o ment
For our random variables, E(X) = p and Var(X) = o2

From Eq 1, we have 2 Y~ X; = E(X) = u
= fimom = 130 X;

— fipom = X
e e
MoM  esimator for Y
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MoM Examples Cont.

2)— E(X)? = E(X?) = Var(X)+ E(X)? = 0 + 12
d
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Maximum Likelihood Estimation
(MLE)




Likelihood Function

ndep-
Y lvqu?H A

\A/ id 4

] /. \/ \ 1 Y iy (PR v | [ 1 \
VVE IIdVE AT, ..., Ap ™Y IX\X), wiiere TX\X} ndas \UHKHOWH}

parameter 6.

The model for our data is the joint distribution of Xi,..., X,
sine X's ang 1ndep

n
fx(xt, .o xa) = [ ] fx(xi) nong = 'PY"AI"’LLJ‘
. e
= muo)inu\S
6(’*‘”\4‘2 When the joint distribution is viewed as a function of the unknown
Q\W\dﬁo arameter, it is referred to as the likelihood function

E(Q) = H fx(X,')
i=1
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Likelihood Example
Example 3: X1 ..., X, < Pois(\)
The marginal distribution of each X; is pmt- fov @
o3 single  »
fx (x) = ;1 (Ww,rl,inm( 0\15“')
The joint distribution/likelihood function is
n
LX) = sy .o ) = fo(x,') SR
=1 . iTTe . e Y =@
n e~ A\Xi | n
= n X\ ZX(
i=1 Xi! }:’.T >\ = /\H
e_n/\AZ/—l Xi .
B [Ty x!
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Maximum Likelihood Estimation (MLE)

Definition
A maximum likelihood estimator @MLE of @ is the function that
“maximizes the likelihood (probability) of the data”

Thus, the MLE maximizes the joint distribution model or likelihood

function:

g = argmaxL(f) = argmaxH Fi%)
6co 6O iy

ot

\é‘)v?ind e O Amad mekes L(6) " lavgest |
> Bind @ ek 15 ‘wost likely
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MLE Examples

Example 4: Flip a coin 10 times. Let X be the # of heads
obtained. A reasonable model for X is Bin(n = 10, p) where p is
our unknown parameter that we would like to estimate.

Suppose we observe the value x = 3. (only 1 data value).

Since there's only 1 data value, the likelihood/joint distribution is
just the marginal distribution £(x):

L(p) = f(x) = <1X0> (1 — )i

= (130) pg(l - p)to?

= 120p*(1 — p)’

|
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MLE Examples Cont.

| £(02)
p=02 ->&6 =020

p=0.3 - 2(03)= 0267
P 0.4 ;{(Oq) = 0-215%

o=09 ->3(09) =0-00008

%.:013
Based on my datu  (X=3)

MLE fov P s ??mw_: 0-3 /
\ g pest (,Qikelg valug for my  Unichowin parawaeter p

General Calculation of MLE

12 /20 /

e Maximizing the likelihood from L(6) when there are multiple
observed values becomes difficult. L (8) = J] $(=)
i=\

e The common trick is to use the log-likelihood function instead:

whwy
-using foys 0(0) = log L(0)
lung nult
rolem NT0 here {(-) is the natural-log
addion . . . -
— Since £(-) is increasing, the same 6 that maximizes
AN BOSIEV 0 likelihood (-) also maximizes the likelihood £(6)
o maxipire _ _
e Use calculus to find the maximum of £(9)
L(®)= U-h-C
oy L(®) =dloy(a-b-C)

=doy (4) $-dog () + L o3( <)
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General Calculation of MLE cont.

Finding MLE:
1. Find the likelihood function: £(8) = []:_; f(x;)
2. Find the log-likelihood function: ¢(0) = logL(0)
3. Take the first derivative: £ (0) = -5¢(0)
4. Set £(A) = 0 and solve for 6

— this is your 9MLE

5. Check if second derivative 6”(0) < 0 to make sure QAMLE is

maximum
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MLE Examples




MLE Examples

number of rolls. Repeat for 100 trials. For i =1,...100,

X; = # of rolls until you obtain a 6 in the i*trial

Xi I”g GeO(P) and f(X,') = p(]_ _ p)Xi—l
Data: (noal - eshimate ?avuw\.el_ev P.

1 2 3 4 5 6 7 8 9
18 20- 8 9 9 5 8 3 5

11 14 15 16 17 20 21 27 29
3 & 3.1 1 1 1 1 1

F=| X [|FR| %
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MLE Examples Cont.

1. Find the likelihood function £(p): (J0m} distnbution )

E(p) = H f(x,-) = Hp(]_ _ p)Xi_]. — pn(l . p)zlf.'zl Xi—n
i=1 i=1

vea\
2. Find the log-likelihood function ¢(p) = logL(p): lvg (0\“) _ V\\Oj(“)
{(p) = log L(p) _ Jon (0-b) = lo4 @
B n o EX N ) % . lgjb
Lip) = ﬂoj L(P) —J&océ (F (\-P)

- () + bog(0-p)T )

= il (P) + (&N -n) log (\=P)

—

\93 *l'\}q\t\/\()dd Punctron

L
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MLE Examples Cont.

3. Take the 15t derivative w.r.t p: £ (p):

Ly

Lig) = 35 (P) = g5 nlog(p) + (D% — n)iog(1 — p)
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MLE Example

4. Set ¢'(p) = 0 and solve for p:

d

dpf(p)sgt0

-~ N sxi-n S2h g
= P — o
= B . 2Rt =A

e | —
= ).:—E = 2%~ R

P n
N ?\5__\ = X =\
= J€ = n \
;‘,_> P = '/Y _'é ?M\e = i): 18 /20



MLE Examples Cont.

5. 2" derivative test to confirm we have maximum:

£ p) ;
2
d - d fil(?)]
d [1\_. _ Sk N } ’
z — P —-—~l__?
ap ?:{Sm\(
_ o o-n _ _(g-n)(-n ’ )
I (L-p)* P =Fwmle
= Zh - ZHTH
= ~ S
r oMLt 71"\./“\{ o ~ (neo (P)
_ /=N % =) FY . T tX)e 3! 2,":,~§
- ne2 oz & /
L \(/‘\;f/)» So SXi is akest N-=N
< i So 2% — Ny 7 ©

MLE Example Cont.

So W hawt o Mmayiwmuw  ak R;\W\\Q

-—

iy \
Hentd  Tmwe = 3

Plug in the data into our MLE: Data
N l \ Shi= 508
£ Tle = %7 T <~ 106
=0.36b K K= 5.08
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